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Abstract: Aviation components are considered repairable and subjected to maintenance 
actions at various levels. The paper discusses general renewal process for an aero engine 
as repairable component. Reliability parameters are estimated using Generalized Renewal 
process (GRP) Maximum Likelihood Estimators (MLEs), by collecting field data from 
three producers of the aero engine. The current practice designates repairable components, 
as high failure rate components (HFRC) based on the number of unscheduled failures at 
Repair depots. A methodology is developed to designate HFRC based on Availability. 
Further, decisions for review of maintenance policies are presented by formulating a 
maintenance model based on HFRC declaration. The overall capabilities of GRP model, 
HFRC model and Maintenance models have been evaluated through numerical examples 
and validated with the existing field conditions. 

Keywords: Generalized renewal process, repairable systems, non-homogeneous Poisson 
process, perfect renewal process, high failure rate component, time between overhauls, 
availability. 

1. Introduction 
Military aviation equipment is mostly repairable and is subject to maintenance actions at 
various levels. Any   component on failing is sent to the respective depot for repair and 
put back to use after repair.  Earlier studies and results in this field usually assumed that 
the system after repair is either ‘as good as new’ (AGAN) or ‘as bad as old’ (ABAO). 
These two assumptions often find very limited uses in practical applications. Many 
maintenance activities may realistically not result in either of these two extreme situations 
but in a complicated intermediate one. That is, when the system is maintained correctively 
or preventively its failure rate is somewhere between AGAN and ABAO. Imperfect repair 
is the concept that repair actions do not bring the system to AGAN condition, but rather 
bring the state of a failed system to a level that is somewhere between new and that of 
prior to the failure. 
      An early attempt to model imperfect repair in detail is made by, Nakagawa [1] who 
developed (p, q) rule and applied it to achieve optimum PM policies. Kijima and Sumita 
2] recommended two possible probabilistic models to address a very broad assumption 
concerning the system repair state called general renewal process. 
Kijima model I (KI) assumes that repair is effective only for the last repair whereas 
Kijima model II (KII) assumes that repairs can restore cumulative wear out and damage 
up to the present time. Kaminskiy and Krivtsov [3] and Krivtsov [4] projected a fairly 
accurate solution to KI model using the Monte Carlo (MC) simulation method. Yanez, 
Joglar, Modarres [5] combined MC simulation with numerical methods to develop MLEs 
for the KI model. Mettas and Zhao [6] present a general likelihood function formulation 
for single and multiple repairable systems for estimation of GRP MLEs. Fuqing and 
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Kumar [7] extend KI and KII models, and bring out that all available models use a 
constant parameter to represent the degree of repair, called repair effectiveness (q).The 
authors [7] develop a more general model for imperfect repair and include time dependent 
repair effectiveness instead of constant q. Fundamental texts [8],[9] and[10] provide an 
adequate insight into the subject of the repairable systems. 
     Further military aviation organization often designates some components as HFRC. 
These components are the ones that are critical to the working of the system and that are 
much more likely to fail than others. The idea is to replace or do more repair work on such 
components. Doing this designation appropriately is important. If too many components 
are declared HFRC, the organization incurs unnecessary maintenance pressure, and cost; 
if too few are declared HFRC, the organization might be missing on opportunities to do 
targeted repair for better performance. Hence there is a need to develop a scientific 
methodology to decide a threshold for HFRC declaration. This paper develops a 
methodology to determine availability based HFRC.  The methodology is illustrated for 
three variants of the same aero engine. A methodology to review present Time between 
Overhauls (TBO) is also developed.  GRP MLEs for failure terminated data are used to 
estimate various parameters.  Potential improvements due to applying the corrective 
measures by reviewing the TBO are then estimated to substantiate the review of the 
present TBO. 
     The paper is structured as follows: section 2 formulates the problem and develops the 
methodology, section 3 presents results and analysis, and section 4 concludes the work.  

2.   Problem Formulation and Methodology 

In this section the various concepts and performance measures associated with GRP are 
introduced. In our earlier papers [11] and [12], the ideas connected with virtual age and 
imperfect repairs are introduced. The same are being reproduced in subsequent sections 
for ready reference and better assimilation for the readers. The assumptions made to 
develop the various models and methodologies in this paper were discussed in [11]. 
Various equations related to the first overhaul cycle are discussed followed by 
development of an availability based threshold model. The methodology for reviewing the 
second overhaul cycle is then formulated and discussed. 

2.1. Virtual Age and Repair Effectiveness (Kijima Model I) 

In [11] and [12] it was discussed that Kijima &Sumita [2] developed an imperfect repair 
model by using the notion of the virtual age (Vn) process of a repairable system. 
Parameter Vnrepresents the calculated age of the system immediately after the nth repair 
occurs. If Vn= y,then the system has a time to the (n + 1)th failure, X n+1, which is 
distributed according to equation (1),  where F(x) is the cdf of the TTFF distribution of a 
new system or component. 
 

                                             F(x|vn = y) = F(x+y)−F(y)
1−F(y)

                                       (1)
 

      

 

 It is assumed that the nth repair would only compensate for the damage accumulated 
during the time between the (n-1)th and the nth failure. With this assumption the virtual 
age of the system after the nth repair is: 
 

                                                 Vn = Vn-1+qXn    n=1, 2……                                   (2) 
 

where q is the repair effectiveness parameter , V0=0. If the times between the first and 
second failure the second and third failure, etc, are considered, they can be expressed as  
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                                                                    V1= qX1                         (3) 

     
                                                  V2= q(X1+X2) …Vn= q(X1+X2+……. +Xn)         (4) 
                                                                  Vn= q∑ Xin

i=1                          (5) 
 

According to this model, when q = 0 the component is brought to AGAN condition after 
the repair and thus can be modeled through RP.  Assumption of q = 1 signifies that the 
component is restored to the same condition which it was before the repair i.e., ABAO 
condition which is modeled through NHPP. The values of q that fall in the interval 0 < q < 
1 represent the after repair state in which the condition of the system is better than old but 
worse than new. For q> 1, the system is in a condition of worse than old. Therefore q can 
be physically interpreted as an index for representing effectiveness and quality of repair.  

2.2. Maximum Likelihood Estimators for GRP Parameters 
In this section it is intend to bring out equations used for deriving MLEs for the GRP 
performance parameters.  Let ti be the time between (i-1)th&ithfailure.   Assuming a 
Weibull distribution for the inter failure times where a & b represents the scale & shape 
parameters respectively; the cdf& pdf are represented by equations (6) and (7) 
respectively [5]. 
                         F(ti) = 1 − exp �a�q∑ tji−1

j=1 �b − a�ti + q∑ tji−1
j=1 �b�                         (6) 

     f(ti) = ab[ti + q∑ tji−1
j=1 )]b−1 × exp�a(q∑ tji−1

j=1 )b − a (ti + q∑ tji−1
j=1 )b�i=2,3…n      (7) 

 It is now possible to derive the MLEs for parameters a, b and q from the data, as shown in 
the next section. 

2.3. Failure-Terminated GRP MLEs  
The likelihood function [5] is given by equation (8).  

𝐿 = �abtb−1exp�−at1b�� × �∏ (ab)[ti + q∑ tji−1
j=1 ]b−1 × exp �

a (q∑ tji−1
j=1 )b −

a (ti + q∑ tji−1
j=1 )b

�n
i=2 �      (8) 

 

The logarithm of the likelihood function given by equation (8) are differentiated with 
respect to each of the three parameters a, b, and q and  each derivative is equated to zero 
to get a system of three equations with three unknown variables [5].  For obtaining the 
values of a, b and q it is needed to solve the equations (9), (10) and (11).  
 

              𝛛[𝐥𝐧(𝐋)]
𝛛𝐚

= �𝐛𝐚
𝐛+𝟏
𝐛 � �∑ [𝐧

𝐢=𝟐 (𝐭𝐢 + 𝐪∑ 𝐭𝐣𝐢−𝟏
𝐣=𝟏 )𝐛 − (𝐪∑ 𝐭𝐣𝐢−𝟏

𝐣=𝟏 )𝐛]�+ �𝐛𝐚
𝟏
𝐛� �𝐚𝐭𝟏𝐛 − 𝐧� = 𝟎             (9) 

 
𝛛[𝐥𝐧(𝐋)]
𝛛𝐛

= �𝒏
𝒃

+ 𝐥𝐧(𝒕𝟏)− 𝐧 𝐥𝐧 � 𝟏
𝐚𝟏/𝐛� − 𝐚𝐭𝟏𝐛 𝐥𝐧 �𝐭𝟏𝐚

𝟏
𝐛��+ ∑ [𝐥𝐧𝐧

𝐢=𝟐 �𝐭𝐢 + 𝐪∑ 𝐭𝐣𝐢−𝟏
𝐣=𝟏 � − 𝐚 (𝐭𝐢 + 𝐪∑ 𝐭𝐣𝐢−𝟏

𝐣=𝟏 )𝐛 𝐥𝐧 �𝐚
𝟏
𝐛�𝐭𝐢 +

                𝐪∑ 𝐭𝐣𝐢−𝟏
𝐣=𝟏 ��+ 𝐚 �𝐪∑ 𝐭𝐣𝐢−𝟏

𝐣=𝟏 )𝐛 𝐥𝐧 ��𝐚
𝟏
𝐛� �𝐪∑ 𝐭𝐣𝐢−𝟏

𝐣=𝟏 ��� = 𝟎           (10) 
 

𝛛[𝐥𝐧(𝐋)]
𝛛𝐪

= (𝐛 − 𝟏) × �∑ �
∑ 𝐭𝐣𝐢−𝟏
𝐣=𝟏

𝐭𝐢+𝐪∑ 𝐭𝐣𝐢−𝟏
𝐣=𝟏

� + 𝐚𝐛𝐪𝐛−𝟏𝐧
𝐢=𝟐 ∑ (∑ 𝐭𝐣𝐢−𝟏

𝐣=𝟏 )𝐛 − 𝐚𝐛𝐧
𝐢=𝟐 ∑ [𝐧

𝐢=𝟐 �𝐭𝐢𝐪∑ 𝐭𝐣𝐢−𝟏
𝐣=𝟏 )𝐛−𝟏�∑ 𝐭𝐣𝐢−𝟏

𝐣=𝟏 ��� = 𝟎    (11) 
  

The estimation of expected number of failures is discussed in detail in [11] and [12]. 

2.4.   First Overhaul Cycle. 

The equipment undergoes general repair on failing. Let t1OH be the time to the first 
overhaul and ti denote the time of the ithfailureobtained from the failure data. With the 
help of field failure data for the first overhaul cycle, the first objective is to estimate, a 
(scale parameter), b (shape parameter) and q (repair effectiveness factor). The 
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corresponding intensity function, reliability R (ti) and availability A (ti) are computed 
using equations (12), (14), (15) & (16). 
The Intensity function, Reliability and Availability equations are as follows: 

Intensity Function Expression 
 

λ(vi) = a × b × (vi)b−1    i=2, 3… n    (12) 
 

Mean Time between Failures (MTBF) Expression 
 

                                                 MTBF(vi) =  1
λ(Vi)

                                       (13) 
 

Reliability Expression 
 

For first failure,  
 

                                           R(v1) = exp�−a(v1)b� (Note: v1 = qt1)                        (14) 
 

For subsequent failures, 
 

                               R (vi|vi−1) = R(vi+vi−1)
R(vi−1)

= exp a�(vi−1)b − (vi + vi−1)b�         (15) 

Availability Expression 
 

                                        A(vi) = MTBF(vi)
MTBF(vi)+MTTR

  i=2, 3....., n.                         (16) 
 

where MTTR stands for Mean Time to Repair      

2.5.   Availability Based Criteria for HFRC 

The aim is to find t* at which the component should be declared HFRC. The first step to 
do that is to define the minimum level of acceptable availability say A*. The aero engine 
should be declared HFRC at the first time t* when the availability A (t*) goes below 
A*.Thus the proposed criterion for designating a component HFRC is: 
 

                                                  A(t∗) = MTBF(t∗)
MTBF(t∗)+MTTR

≤ A∗                       (17) 
 

      For instance if the number of flying hours required by a unit flying a type of aircraft, 
in a month be α. Taking into account 20 days of flying in a month, number of flying hours 
required per day by the unit is β which works out to be α/20.Considering that 01 aircraft 
can do at least one turn around i.e., it will fly at least 02 sorties per day and 01 sortie will 
last for a duration of 01 hour, number of aircraft required per day is α/40. Let the total 
number of aircraft in the inventory of unit per day be δ. Then the required availability of 
aircraft (hence the required availability of aero engines) to achieve the required flying 
hours = A =𝛼𝛼/40𝛿𝛿. This availability can be taken to be a measure of the minimum 
required availability A* implying that for   HFRC: 
 

                                                          A∗ = α 40δ⁄                     (18) 
 

      Illustration of the methodology discussed above is provided on a real data set. Let 
α=346 hrs, δ=18, A*= 𝛼

40𝛿
= 346

40∗18
= 0.48, then the first time t* at which A(t∗) ≤

0.48 defines the time at which the aero engine should be declared HFRC. The threshold 
reliability and intensity function can be calculated after estimation of other parameters like 
a, b, q. This allows plotting availability A (t) as a function of time by using the best fit 
curve obtained from the data set [ti, A (ti)]. The best fit curve is plotted in “Figure 1”. In 
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present scenario declaring HFRC at an age lower than t* is not efficient. In present 
scenario declaring HFRC at an age lower than t* does not provide required result. If more 
than required aero engines are declared HFRCs, then to repair or overhaul so many aero 
engines would definitely be beyond the capability of repair depots. Rather it would be 
worthwhile examining the bottlenecks and plant performance at the depot level as well to 
find out whether with the existing resources, we can improve the throughput of depots 
leading to increased availability of aero engines in the fleet. 

 
 

 
Figure 1: Availability based Threshold for HFRC 

 
Figure 2: Flying Task vs. Availability 
 

It is worthwhile mentioning that if the flying task (α) is required to be increased then A* 
has to be increased accordingly. The Flying task (α) vs. Availability (A) is plotted in 
Figure 2 to highlight the sensitivity of A with respect to changes in α. 

2.6.   Review of Overhaul Cycle 

A significant number of failures are observed during the first overhaul cycle as evident 
from sections 3.1 and 3.2. This indicates that the first overhaul cycle period is not 
effective as the aero engines are withdrawn frequently for repairs. Hence this paper aims 
to review the first overhaul cycle period so that the number of failures can be reduced and 
an overall availability can be improved. It can be observed from sections 3.1 and 3.2 that 
after the review of the first overhaul cycle both the purposes as mentioned above are 
achieved significantly justifying the review. The next goal is to estimate the time of next 
overhaul, t2OH. Reliability parameters a, b, q are estimated from the failure data as 
explained earlier. The criteria for an aero engine to be declared HFRC is also developed. 
Reliability, intensity functions and availability equations are then derived. Once an HFRC 
criterion is established, in the next step a new maintenance policy to review TBOs for 
HFRCs is formulated. Optimal interval for the next overhaul of the case subject to 
periodic maintenance & breakdowns is established. An optimization model based on 
downtime is developed for this analysis. 
      The aim is to establish optimal interval for overhaul of the case during the second 
overhaul cycle. According to the overhaul policy, overhaul will be done at a fixed time 
and the aero engine that fails are subjected to general repair. Aero engines also undergo 
periodic maintenance at fixed intervals. The optimal interval to second overhaul to 
minimize the total downtime per unit time is determined by using the following method. 
Let MR be downtime required to perform a general repair, TPMi(i=1, 2...n) the downtime 
required to carry out concerned preventive maintenance (PM), TOH the downtime required 
to perform an overhaul. The overhaul policy is to perform overhaul at t2OH, irrespective of 
the age of the equipment, and general repairs occur as many times as required in the 
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interval (0, t2OH). The total downtime per unit time, for overhaul at time t2OH, denoted by 
D (t2OH) is 

 

   𝑫(𝒕𝟐𝑶𝑯) = 𝑬𝒙𝒑𝒆𝒄𝒕𝒆𝒅𝒅𝒐𝒘𝒏𝒕𝒊𝒎𝒆𝒅𝒖𝒆𝒕𝒐𝒓𝒆𝒑𝒂𝒊𝒓𝒔+𝒅𝒐𝒘𝒏𝒕𝒊𝒎𝒆𝒅𝒖𝒆𝒕𝒐𝑷𝑴+𝒅𝒐𝒘𝒏𝒕𝒊𝒎𝒆𝒅𝒖𝒆𝒕𝒐𝒐𝒗𝒆𝒓𝒉𝒂𝒖𝒍     
𝒄𝒚𝒄𝒍𝒆𝒍𝒆𝒏𝒈𝒕𝒉

    (19) 
 

Now, Downtime due to failures = Number of failures in interval (0, t2OH) ×  Mean time to 
repair = En (t2OH)*MR; Downtime due to PM = TPM =  ∑ 𝑇𝑃𝑀𝑖

𝑛
𝑖=1  ; Downtime due to 

overhaul = TOH. Therefore 
 

                                        D(t2OH) =  [(𝐸𝑛(𝑡2𝑂𝐻)×𝑀𝑅)]+𝑇𝑃𝑀+𝑇𝑂𝐻
𝑡2𝑂𝐻+𝑇𝑃𝑀+𝑇𝑂𝐻

          (20) 
 

En (t2OH) can be obtained from simulation as explained in [11] and [12]. Repeated 
simulations are performed to estimate the value of t2OH that minimizes D(t2OH) given by 
equation (20). 

3.    Results and Analysis 

In this section, the results of applying the methodology to the case as described in [11] 
i.e., the 3 variants of aero engines are deliberated. 

3.1  Variant 1 Aero Engines 

This variant underwent 74 failures during the first overhaul cycle. The number of actual 
failures until the revised overhaul cycle is 41. The MLEs are applied using Monte Carlo 
simulation to obtain the values of a, b, q as explained earlier. The values of TPM&TOH are 
obtained from the maintenance & overhaul manuals and MR is estimated from the repair 
data of last 10 years. Estimation of the values of t*& t2OH are done as per the methodology 
discussed in earlier sections.  The results are as follows: 
 

a=0.00022, b=1.35, q=0.75, t*=315 h, TPM =560h, TOH =6336 h, MR = 528 h, t2OH=248 h, 
R (t*) =0.6165, 𝜆 (t*) =0.0020516. 
 

      It should be noted that t2OH< t* which means that if this overhaul policy is followed, 
the aero engine will not fall in domain of HFRC.In Table 1 the values of Reliability, 
MTBF & Availability at the end of first & second overhaul cycle using the recommended 
overhaul policy along with the percent improvement obtained in these performance 
measures are presented. 

Table 1: Comparative Results of both Overhaul Cycles (Variant 1) 
Cycles R(t) MTBF(t) A(t) 

First overhaul cycle (t= t1OH) 0.3338 394.56h 0.1818 
Second overhaul cycle (t= t2OH) 0.7217 541.67h 0.3519 
Percent improvement 116.21 37.28 93.56 

 

It is observed that using the new overhaul policy, 116% improvement in Reliability & 
94% improvement in availability can be achieved.  
 

3.2   Variant 2 Aero Engines 

This variant underwent 152 failures during the first overhaul cycle. A similar analysis is 
performed and the results are summarized in Table 2. The number of actual failures until 
the reviewed overhaul cycle is 75.  
 

a=1.64*10^-16, b=4.87, q=4.3, t*=258 h, TPM =760h,   TOH = 6336 h, MR = 2000 h, 
t2OH=250 h, R (t*) =0.1585, λ (t*) =0.000545. 
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Table 2: Comparative Results of both Overhaul Cycles (Variant 2) 

Note: The improvement observed in all the performance measures is seemingly 
unrealistic and hence not reported. This is due to the extreme wear out and very poor 
maintenance during the first overhaul cycle as evident from the values of b &q 
respectively. This is a case of ‘worse repair’. Due to very low values of reliability, MTBF 
and availability obtained during the first overhaul cycle, application of corrective 
measures in form of reviewing the second overhaul cycle to 250 hours has seen an 
upsurge in the improvement of reliability, MTBF & availability. 

3.3   Variant 3 Aero Engines  

This variant underwent 67 failures during the first overhaul cycle. Reliability analysis 
yields the following: 
                        a=0.001275, b=1.08, q=0.12,   TOH =6336 h, MR = 520 h. 
 

A (t*) at t=550 hrs is 0.4897 which is greater than 0.48 hence the aero engines need not be 
declared HFRC. Sinceb≈1, the failures are mainly random; hence reviewing the overhaul 
policy is not needed [10]. It is further observed that even the repair effectiveness factor (q) 
is the best in this case. The improved values of b & qfor this variant come as no surprise. 
The variant 3 has been developed after incorporating significant learning from the failure 
mode analysis of the other variants. 

4.   Conclusions 

A methodology has been developed to identify appropriate HFRC based on availability 
and a Maintenance policy for the HFRCs is presented. The aero engines are treated as 
repairable systems and GRP has been used to estimate all performance parameters. This 
methodology not only provides shape and scale parameters but also renders an index to 
evaluate repair effectiveness. All these parameters combined together give an adequate 
insight into the present maintenance policy. In case of first two variants of the aero 
engine, it can be observed that with the methodology developed through this paper, the 
aero engines have been rendered HFRC well before their OEM prescribed TBO. Since the 
total technical life of the aero engines is 1800 h, there is a need to review the TBO so that 
the aero engines do not enter the domain of HFRCs. 
     A methodology is also provided to review the TBO for the next overhaul cycle. A 
significant improvement can be observed in all the performance parameters in the revised 
maintenance policy. More availability will result in achievement of increased flying task.  
A possible extension of our work could be the cost benefit and failure modes analysis of 
the revised Maintenance policy (that has more overhauls & less breakdown repairs). 
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